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Abstract 

We show that every positive expansive flow on a compact metric space 
consists of a finite number of periodic orbits and fixed points. 



Introduction 

In the subject of discrete dynamical systems, a homcomorphisms / : X — > X on 
a compact metric space X is said to be positive expansive if there is a > such 
that if dist(/ n (a;), f n (y)) < a for all n > then x = y. It is well known that if X 
admits a positive expansive homcomorphisms then X is finite, see for example 
[3j[5j. Here we will show the corresponding result for positive expansive flows. 
We will consider the definition of R. Bowen and P. Walters [2] for expansive 



flows without singularities (see Definition 2.1 1 and the definition of M. Komuro 
6 for flows with singular points (see Definition 5.1|. In both cases we show 



that every positive expansive flow has only a finite number of orbits being each 



one compact, i.e. periodic or singular (Theorems 4.2 and 5.2). 

The proofs known to the author, in the discrete case, start showing that 
every point is Lyapunov stable for f~ l , that is, for all x <E X and e > there 
is 5 > such that if dist(x,y) < S then dist(/ _n (.T), f~ n (y)) < e for all n > 0. 
Let us recall how this is proved in By contradiction suppose that x G X is 
not stable for / . So there is e £ (0, a) and a sequence yj — > x as j — > oo such 
that for all j £ N there is rij € N, rij — > oo, with the property 

dist(r^- i (^),r^- i ( a ;))> £ 

and 

di S t(f- n ( yj )J- n (x))<E 

for all n = 0, 1, . . . , rij. Since / is continuous and X is compact there is a > 
such that dist(/~" j (yj), f~ nj (x)) > a for all j G N. Assuming that (yj) -» 
y„ and f~ nj (x) — » x* we have that dist(y*, x*) > a and x* ^ y*. And by 
continuity we have that 

dist(/"(z*),r(y*))< £ 
for all n > 0, contradicting the positive expansiveness of /. 



* Email: artigue@unorte.edu. uy. Adress: Departamento de Matematica y Estadi'stica del 
Litoral, Universidad de la Republica, Gral. Rivera 1530, Salto, Uruguay. 



In the continuous case we consider positive expansive flows allowing repa- 

So, as in [7], we consider the concept of 

Following 



rameterizations, see Definition 2.1 



Lyapunov stability allowing reparameterizations, see Definition 3.1 



the ideas of the discrete case we will prove in Lemma |3.5| that every point of a 
positive expansive flow <E> is stable for the inverse flow The sketch of the 

proof, for flows without singularities, is the following. By contradiction suppose 
that x is not stable for So, there is e > and yj — > x such that for every 

reparameterization h : R — > R and for all j > there is tj > with the property 



and 



< e 



for all t € [0, tj]. Now one must notice that a reprameterization may be too 
fast or too slow, allowing a kinematic separation of the trajectories. So we will 
consider a reparameterization hj that keep the trajectories at a distance smaller 
than e for all t in a maximal interval [0, tj]. Assuming that aj = .^(a;) — > 

and bj — ^^(yj) — > y* we have that dist(y*, a;*) = e and then x* ^ y*. Now 
what we can prove about this two points is that there is a reparameterization h* 
such that dist($^, / t .x*, $7 y*) < e' for all i > 0, being e' a bit greater than e 
but smaller than the expansive constant. According to the definition of positive 
expansive flow we have that x* and are in a small orbit segment. Now the 
maximality of tj will be contradicted as follows. Consider a flow box around 
the orbit segment containing x* and y* as in Figure [l] 



Figure 1: Flow box. 



We will show in Section [T] that, eventually changing the metric to an equiv- 
alent one, we have that dist(aj, &-tbj) < dist(a,-, bj) for all t > suficiently 
small. Notice that this is not true in general: consider in the Euclidean plane a 
trajectory like the graph of the function f(x) = xsin(l/a;) with /(0) = 0. For 
vector fields on manifolds a Riemannian metric is enough. 

In Section [2] we consider reparameterizations with rests, i.e. continuous and 
surjective maps h : R —> R such that h(s) < h(t) if s < t. We show that expan- 
siveness and stability can be redefined using this kind of reparameterizations. 
See Propositions |2.2| and |2.7| and Remark |3.2| That allows us to get a con- 
tradiction because now one can extend a bit the (supposed) maximal time tj 
keeping the other point in rest. This concludes the sketch of the proof of the 
stability. Similar techniques allow us to prove that the stability is asymptotic 
and uniform (Lemma 3.6). 

In the discrete case, once one proves the stability, there are different con- 
tinuations of the proof. Our strategy for the continuous case is to prove that 



periodic orbits do exist, Lemma 4.1 Then we prove that every orbit is periodic 
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as follows. By contradiction suppose that x € X is not periodic. In the w- limit 
set of x there is a periodic orbit 7 because lo(x) is a compact invariant positive 
expansive set. But this contradicts the past asymptotic stability of 7. So, every 
orbit is periodic, and using the asymptotic stability, we have that the number 
of periodic orbits is finite. This concludes the sketch of the proof. 

If the flow has singular points the proof is reduced easily to the regular case, 
this is done in Section [5j 

In [8] expansive flows on manifolds are studied. There it is shown that every 
point has a non-trivial stable set. The stable set is defined using reparameter- 
izations. So, it implies that positive expansive flows do not exist on compact 
manifolds of dimension greater than one. Their techniques seems to be adapt- 
able for locally connected metric spaces. 

1 Hausdorff distance for a flow 

In that Section we consider a continuous flow on a compact metric space. We 
construct a metric that is equivalent with the original one and it has good 
properties relative to the flow. 

Let (X, dist) be a compact metric space. Consider K the set of compact 
subsets of X equipped with the Hausdorff distance defined by 

distjj^i, if 2 ) = inf{e > : K x C B £ (K 2 ) and K 2 C B £ {Ki)}- 

where K\ and K 2 are compact subsets of X and B £ (K) = U pe KB £ (p). It is 
known that (K, dist#) is a compact metric space. 

Let I x R 4 X be a continuous flow. Denote by / the real interval 
[—1,1] and for any r > define It = [— r, r]. Consider the map $/ T : X — » K 
that associates to each point its /r-orbit segment 

$/ T (a:) = {$ t x : |i| < t}. 

Proposition 1.1. For every r > the map $/ T is uniformly continuous. 

Proof. By the uniform continuity of the flow on compact intervals of time, 
we have that given e > there is S > such that if dist(x,y) < 5 then 
dist($ t x, <& t y) < e for every t g It and every x, y G X. So dn (&i T ^It(v)) < 
e if dist(x, y) < S. □ 

Notice that if the flow has periodic orbits with arbitrary small periods then 
$i T can not be injective. We do not consider singularities (i.e. equilibrium 
points) as periodic points. 

Proposition 1.2. The map $/ T is injective if there are not periodic orbits of 
period smaller or equal than 3r. 

Proof. Arguing by contradiction assume that <I>/ T (x) = $/ T (y) with x ^ y. 
It implies that x is not singular. Without loss of generality we can assume 
that there is s € (0,r] such that y = <& s (x). Then $[ S _ TS+T ]a; = $[_ TT ]X. 
So, & s +tX = ® S 'X for some s' € It. Therefore Q S + T - S 'X = x. This is a 
contradiction because < s + r — s' < 3r and x is not singular. □ 
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Notice that expansive flows (with or without singular points) and flows with- 
out singular points (expansive or not) have not arbitrary small periods. 
Assuming that $/ T is injective we consider the following distance in X 

dist(x,y) = d\st H ($ lT (x), <S>i T {y)). 

Proposition 1.3. If $/ r is injective then the new distance dist is equivalent 
with dist. 

Proof. Since $j r is continuous and X is compact, the image of $/ T is compact. 
So $j T : X — » <frj T (X) is an open map and the inverse : $/ r (X) — > X 
is continuous. Then (X, dist) and ($j T (X), distjy) are homeomorphic. The 
distance dist in X is the pull-back of dist# by $/ r , so dist and dist are equivalent 
metrics in X. □ 

The following Propositions deals with the question that we will state now. 
Consider a flow box U centered at x. Take y close to &-t x for some to > 0. Is it 
true that dist(y, x) > dist($ t y, x) for small and positive values oft? According 
to the arguments that we will do in the next Sections, it is enough to answer 
these questions for flows without singular points. To continue we need the 
following Lemma. It is stated for the inverse flow, defined as <I>^ 1 = 
because in the following Proposition it will be used in this way. 

Lemma 1.4. If <fr~ 1 x ^ x for all x £ X and s £ (0, 3r] then there is f > such 
that for all p G X, dist(p, &^ 1 p) < dist(p, $jl 2T p) for all p G X and 9 £ [0, f]. 

Proof. By contradiction assume that there is 6 n > 0, 8 n — > 0, and p n — > p* such 
that dist(p n , &g 1 p n ) > dist(p ra , $^" 1 +2r p n ) for all n > 0. Then, in the limit, wc 
have the contradiction Q^tP* — P*- C 

Now we can prove the main result of the section. We assume that there are 
no periods smaller than 3t. 

Proposition 1.5. If $ has not singular points then for all to € (0, f] there is 
5 > and t\ G (0, to) such that if dist($ to ?/, x) < S and < s < u < t\ then 
dist($ s y,a:) > dist($„y, x). 

Proof. By contradiction assume that there is to G (0,f], sequences x n ,y n £ X 
and s n , u n £ K such that ^t Vn ~ > z, x n — > z, < s n < u n — > and 

dist($ Sll y„,ir„) < dist($ tlri y n ,x„) (1) 

for all n > 0. Inequality ([I]) means that there is e n > such that 

(a) $/ T ($ s „y„) C S e „($ Jr (a; n )) and 

(b) $i T (x n ) C S En ($ /r ($ Sn y n )) 
but 

(c) $/ T ($ u „y„) £ £ £n ($/ r (a; n )) or 

(d) $ lT (x n ) £ B Sn ($ lT ($ Un y n )). 
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In that paragraph we show that e n does no converge to 0. By (a) we have 
that there is w n € It such that 

dist($_ T+Sn y„, $ Wn x n ) < e„. (2) 

Taking a subsequence we can assume that w n — > w* G It. Taking limit in the 
inequality ([2| and supposing that e n — > we have that <&_ r _ to z = $> Wf Z. This 
is a contradiction because z = <& T+to + Wt z and |t + £o + w*| < 3t. So, taking a 
subsequence of e„, we assume that e„ — > e* > 0. 

Assume that (c) holds. It implies that there is v n G It such that for all 
t £ It 

dist($ t ,„ +n „y„,$ t a;„) > e n . (3) 

Now we show that v n — > r. By (a) we have that for all s € It, there is t € /r 
such that 

dist($ s+Sn ?M, $ t x„) < e„. (4) 

Using the inequalities (|3| and Q we have that s + s n ^ v n + u n for all s G It. 
But « n G It, so v n G (t — (it„ — s n ), r]. Then u n — » r. 

Now, taking limit in the inequality ^ we have that dist($ T _ to z, $ t z) > 
for all t G Ir. So we can put t = t — to and dist(z, z) > > which is a 
contradiction. Then (c) can not hold. 

Now assume that (d) is true. Condition (d) means that there is v n G It 
such that for all t G It we have 



dist($„„x„,$ t+u „y„) > e„. (5) 
By (b) we have that there is w n G Jr such that 

dist($ Vn x n ,$ Sn+Wn y n ) < e n . (6) 

We will show that w n — > — r. By ([5| and (|6| we have that s n + w n =/= t + u n 
for all t G It. Then w n ^ [— r + u n — s n ,r + ti n ~ s n ] but iw n G It. Therefore 
w n G [-T, -T + u n - s n ) and w„ -> -t. 

Assuming that w n — > G Jr and taking limit in ^ we have that 

dist($„ t z,$ t _ to z) > e„ (7) 

for all £ G It. Also, taking limit in ^ we have 

dist($„,z, $_ T _ to z) < e*. (8) 

By (JtJ) and the fact that > we have that ^ £ — £q for all i G Jr. Then 
G (r — £qj r ]- If £ = t in inequality ([7]) we have that dist($^ it z, $ T _ to z) > e. 



This and inequality (ISJ) contradicts Lemma 1.4 with = — (r — to) and 



p = $i,,z, because t G (0, f]. □ 

Proposition 1.6. For all £2 G (0, f] there is 5 > and t\ > suc/i i/ia£ z/ 
dist(<I > ta;, y) < 5 or dist(x, <&_ t y) < (5 /or some t G [£2^] and < s < u < t\ 
then dist($ s y, x) > dist($ u y, x). 



Proof. It follows by Proposition 1.5 and the compactness of the interval [£2,t]. 

□ 
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2 Expansive flows 



In that section we present the definition of expansive flow and some useful 
equivalences. We state them for positive expansiveness but they have their 
counterpart for expansive flows. We consider flows without singular points. In 
Section [5] we consider the singular case. 

Let T-L + be the set of all increasing homeomorphisms h: K — > E such that 
h(0) = 0. Such maps are called reparameterizations. 

Definition 2.1. A continuous flow $ on a compact metric space X is positive 
expansive if for every e > there is S > such that if dist($/i(t)X, &ty) < 5 for 
all t > 0, with x, y G X and h G H + , then y G $i T x. 

Recall that y G $i T x if and only if there is t G It = [— r, r] such that 
y = $i.T. This is the positive adaptation of the definition given by R. Bowcn 
and P. Walters in [2j. Now we present an equivalent definition. Consider H as 
the set of non-decreasing, surjective and continuous maps h : M —¥ M such that 
h(0) = 0. By non- decreasing we mean: if s < t then h(s) < h(t). The idea is to 
allow a point to stop the clock for a while (recall that in [7] reparameterizations 
are called clocks). The maps of 1-L will be called reparameterizations with rests. 

Define the set of pairs of reparameterizations with rests 

H 2 = {g = (h 1 ,h 2 ) : h u h 2 £U} 
and extend de action of $ to X x X as &t(%, y) = (&tx, &ty)- Also we define 

for g = (hi, h 2 ) € ri? . We now consider the Frechet distance defined by 

dist F (x,y) = inf supdist($ s(4) (a;, y)). 
g&n 2 t>0 

This distance was introduced in HI in the begining of the Theory of metric 
spaces. It was first defined for compact curves but, as noticed in [7], it can be 
extended to non-compact trajectories. 

Proposition 2.2. A flow $ is positive expansive if and only if for all e > 

there is 5 > such that if distp(x, y) < S then x and y are in an e-orbit segment. 

Proof. The converse follows because ids. € T~L + C T~L. The direct part is a 
consequence of the following Lemma. □ 

Lemma 2.3. For all S > there is 8' > such that if distp (x,y) < 5' then 
there is h G W + such that dist(3> h(t) x > &ty) < 8 for all t > 0. 

Proof. Consider S' e (0, S) and 7 > such that dist(x, $ t x) < (S - S')/2 for all 
x G X and for all t G (—7,7). Take two increasing sequences s n and t n such 
that h x (t n ) = h y (s n ) = nj for all n > 1, starting with so = = 0. Then define 
hi(t n ) = h2(s n ) = n^j and extend piecewise linearly. In this way we have that 
— h x (t)\, \h 2 (t) — h y (t)\ < 7 for all t > 0. Then by the triangular inequality 
it follows that h = hi o h^ 1 works. □ 
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Consider the set T e (x, y) C M 2 of pairs of positive numbers (t x ,t y ) such that 
there is g G H 2 and s > such that dist($ s ( t )(x, y)) < e for all t G [0, s] and 
g(s) = (t x ,t y ). In K 2 we consider the norm ||(a,6)|| = |a| + |6| (the properties 
of that specific norm will be used in the next Section). 

Remark 2.4. IfT$(x,y) is not bounded then iriTs(x,y) and TiiT^ix^y) are not 
bounded, where TTi(xi,X2) — Xi, i — 1,2, are the canonical projections ofM 2 . 



Lemma 2.5. For all 8' > there is 8 > such that z/dist(<i> S (- t ) (x, y)) < 8 for all 
t G [0, T] and some g G H 2 then there is h G H + such that dist(^f l (t) x J < 8' 
for allte [Q,h(T)]. 



Proof. Use the same technique of Lemma |2.3| □ 



If distir(a;,y) < e then T e (x,y) is not bounded, as can be seen from the 
definitions. The following Proposition is a kind of converse. Its proof is based 
on the proof of Lemma 9 in [9] . 

Proposition 2.6. For all e > there is 8 > sitc/i that if Ts(x,y) is not 
bounded then dist p(x,y) < e. 

Proof. For e > given consider 7 > such that 

if dist(x, y) < e/2 and |t| < 7 then dist(4> t a;, y) < e. (9) 
Take 8' G (0,e/2) such that 

if dist(x, y) < 8' then dist(<I> ±7 a;, y) > <5'. (10) 



Finally, pick 8 > from Lemma 2.5 associated to 8'. We will show that this 
value of 8 works. Suppose that for some x,y € X we have that T$(x,y) is not 
bounded. So, for all n > 1 there are h' x ,h' y E W and T > such that 

dist(* h /( t )z,$w t )t0 < <5 



for all i G [0, T] and /i' y (T) = n. Then by Lemma 2.5 there is h™ £ H such that 

dist($ hs(4) x,$ t y) < 8' 

for all t G [0, n]. Eventually taking a subsequence we can suppose that there is 
an increasing sequence w n — > 00 such that h™(w n ) — wy and 

dist($ h „ (t) x,$ t2 /) < 8' 

for all i G [0,w n ]. We will define h G H such that 

dist^^ic, $ t y) < e 

for all t > 0. Define h(w n ) = h x (w n ) = nj for all n > 0. For t G [0, define 
h(t) = h x (t). Now consider t G (w„_i,iy„). To define h(t) we consider two 
cases. 

1. If h x ~ 1 (w n -i) < h x (w n -i) then h(w n -i) = Hf,^ 1 {w n -i) and extend lin- 
early for t G (w n -i,w n ). 
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2. If h x ~ 1 (w n -i) > h£(w n -i) consider z £ (w n -i,w n ) such that h"{z) = 
(n — 1)7. Define h(t) — (n — 1)7 for all t £ [w n —i, z] and extend linearly 
for t £ [z, w n ]. 



By condition (10) we have that \h(t) — h x (t)\ < 7 for all t £ [ro n _i,w n ] and 
n > 1. Then, since dist($; l n( t )a;, $ty) < 6' < e/2, we have by condition |9|) that 



dist($ fe(t) x, $ t y) < e 
for all t > and the proof ends. □ 
Here is another characterization of expansiveness that will be useful. 

Proposition 2.7. A flow $ is positive expansive if and only if for all e > 

there is S > such that if Tg(x, y) is not bounded then x and y are in a e-orbit 
segment. 

Proof. Suppose that $ is positive expansive. Consider s > given. By Propo- 
sition 2.2 there is 8' such that if distp(x,y) < 5' then they are in a e-orbit 
segment. Now take from Proposition 2.6 a positive S such that if T$(x, y) is not 
bounded then distp(x,y) < 5' . This finishes the direct part. 

The converse follows because if distjr(x, y) < 5 then T$(x, y) is not bounded. 

□ 



3 Stability 

In that Section we assume that the flow has not singular points. We introduce 
the concept of Lyapunov stability allowing reparameterizations of the trajecto- 
ries. The stability properties of positive expansive flows are stated. We assume 
that the metric of the space is dist, defined in Section [l] but we will denote it 
simply as dist. 

We start defining Lyapunov stability according to the Frechet distance as 
was done in [7l|8]. 



Definition 3.1. We say that x is stable if for every e > there is S > such that 
if dist(a;, y) < S then distp(x,y) < e, i.e. there is a pair of reparameterizations 
with rests g £ H 2 such that dist($ s (t)(ar, y)) < e for all t > 0. 



Remark 3.2. By Lemma \2.3\ we have that x is stable if and only if for every 
e > there is S > such that if dist(x,y) < S then there is a reparameterization 
h £ H + such that dist(<i> t a;, ^h(t)U) < £ for all t > 0. 

Definition 3.3. We say that (T x ,T y ) in the closure of T e (x,y) is a maximal 
pair of times for (e, x,y) if for all (t x ,t y ) £ T £ {x,y) we have that || (J!,;, Tj,)|j > 
||(ia:,tj/)|| for the sum norm in M 2 . 

In the following result we use the properties of dist. For this we will consider 



the positive number f given in Lemma 1.4 and the interval If = [— f, f]. As 



usual, we define the distance between a point a £ X and a set A c X as 
dist(a, A) = inf {dist(a, x) : x £ A}. 

Proposition 3.4. For alls > there is a > such that if(T x ,T y ) is a maximal 
pair of times for (e, x, y) then 
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dist($ Tx s, $/f ($T v y)) > o and dist($T H y, $ /f {®t x x)) > a. 

Proof. Given e > consider t% > such that $r_ t2it2 ix C B e {x) for all x G X. 
For this value of £2 take S > and ti > from Proposition |1.6[ Consider 
a G (0, S) such that 

if y £ B E (x) then dist($ [ _ t2 , t2] x, y) > a. (11) 
Notice that dist($r x a ; ! y) = £• By contradiction assume that 

dist($T B 2/,$/f($T x :x;)) < cr, 



being the other case symetric. By condition ( 11 ) there is to € [— f , —£2] U [£2, f] 
such that 

dist($ Ty y,$ to $ Tm a;) < cr. 

Suppose that £ € [£2,^] (the other case is similar). Now take g € 7£ 2 , (T' x ,T' y ) G 
K 2 and s > such that dist($ a ( t j(x, y)) < e for all £ G [0, s], 

\\(T^X)-( T ^ T y)\\<h (12) 
and g(s) = {T' x ,T y ). We define g G as 

y(£) for all t < s, 

g(t) = { g( s ) + (t-s,0) if£G [s,s + h], 

g(s) + (t- s,t- s-ti) if£>s + £i. 



So, for £ G [s,s + £1] we have, by Proposition 1.6 that dist($g( t )(x, y)) < 
dist($s( a )(x, y)) < £. Then y(s + £1) = {T' x + t\,T y ) G T e (x, y) and by inequal- 
ity (12) we have that |jy(s + £i|| > 11(^,7^)11 contradicting the maximality of 
(T X X). □ 

Given e > and x, y G X we consider the following set of pairs of reparam- 
eterizations with rests 

H 2 E (x,y) = {geH 2 : dist^^x, y)) < e for all £ > 0}. 

The following result says that if two points are close enough then H 2 (x,y) is 
not empty if $ is positive expansive without singular points. Notice that pos- 
itive expansiveness do not depend on the metric (defining the same topology). 
Therefore we will assume that dist has the properties of the metric dist defined 
in Section [T] 

Lemma 3.5. If $ is positive expansive then every point is stable for with 
uniform S. 



Proof. By Proposition 2.7 there is an expansive constant e' > such that if 
T £ i{x,y) is not bounded then y G <&ifX. By contradiction assume that there 
is e G (0,e') and two sequences Xj,yj such that T e (xj,yj) is bounded for all 
j G N. For each j consider (T x ,,T y .) a maximal pair of times for (e,Xj,yj) 
associated to By the continuity of the flow we have that T x .,T y . —> 00 as 

j — > 00. Eventually taking subsequences, we can assume that $7^ Xj — » x* and 



&t v yj y* ■ By Proposition 3.4 we have that x„ and y* are not in a f-orbit 
segment. Also, for every T > we have that there is g G T-L 2 and s > such 
that dist($ fl ( i )(a;« ) 2/ 1| ,)) < e' for all £ G [0, s] and ||y(s)|| > T. So, T e /(x*,y*) is 
not bounded and it contradicts the positive expansiveness of the flow (as stated 
in Proposition 2.7) because x* and y* are not in a f-orbit segment. □ 
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The following Lemma states the uniform asymptotic stability for t — > — oo. 

Lemma 3.6. is positive expansive then for alle > there is 8 > such that 
for all a > there is T > such that if dist(ir, y) < 8 then there is g E T-L^.{x,y) 
such that dist($^ ) (a;, y)) < a if \\g(t)\\ > T. 

Proof. Given e > smaller than an expansive constant, consider 6 > from 
Lemma |3.5| By contradiction we will show that this value of 8 works. So, 
suppose that there is a > 0, T n — > oo and x n , y n G X such that dist(x„, y n ) < 8 
and 

for all g E Hg(x n , y n ) there is t > such that 

11.9 (t) || > T n and dist($; ( 1 t) (x„, y n )) > o. (13) 

Again by Lemma [3~5] there is 5' such that 



if dist(w, v) < 5' then "H^(it,t>) is not empty. (14) 

For each n take g„ € W^(x n , y n ) and consider t„ suc h th at ||<7n(*n.)ll = T n — f. 
Let w„) = ^ n ( t )(^«, Hn)- By conditions ( 13) and ( 14) there is 8" such that 
dist($ t u„, v n ) > 8" and dist(w n , $*«„) > <5" n~ft| < f7~So, limit points of u n 
and v n are not in a f -orbit segment and contradict positive expansiveness. □ 



4 Positive expansiveness 

In that Section we prove the main result of the article for flows without singular 
points. First we show that positive expansive flows has periodic orbits. The idea 
to find such trajectories is to show that there is a compact invariant set that is 
a suspension and apply the result for positive expansive homeomorphisms. 

Lemma 4.1. Every positive expansive flow has at least one periodic orbit. 

Proof. Consider e' > such that for all y E X 

if (h,h r ) e Hl E ,(y,y) then \h(t) - h'{t)\ < f/2 for all t > 0. (15) 

This condition will be used bellow to show that the map / is well defined. Take 
a recurrent point x and t n —¥ +oo such that ^ 1 (x) — > x. For any e G (0, e') 



consider 8 > from Lemma 3.6 Let S C B$(x) be a compact local cross section 
of time f , x G S, and consider the flow box U = Consider r > 

such that 

$[_ W / 2 ]flr(aO C U. (16) 



For a = r/2 in Lemma 3.6 take the correspondi ng T > 0. Let N > be such 



that dist(<i> tjv 1 a;, x) < r/2 and t N > T. By Lemma 3.6 for all y <E S (S C B${x)) 
there is g € H^(x,y) such that: 

dist(*- ( ^(i,tf)) <a = r/2 

if llsWII > r. If 5 = (h x ,h y ) there is s > such that /i x (s) = ijy. Then 
||.9( s )|| > T and G B r (x) C J7. Consider 7r: J7 — > S the projection on 

the flow box. Let / : S —> S be defined by 

f{y) = ^ll {s) y) 

if s > and g — {h\, h^) E H^x, y) satisfies: 
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1. h\(s) = tjv and 

2. *£ w y g B r (x). 

We have shown that for all y € 5 there are s and <? satisfying this conditions. 

In this paragraph we will show that / is well defined, i.e. do not depend 
on g and s. Consider s,s' > and g — (hi, h,2),g' — (h'i,h' 2 ) £ V} e (x,y) 
satisfying both items above. Recall that e' > e and consider two increasing 
reparameterizations hi and h^ such that 

. dist($^ (t) x, $^ {t) y) < e' for all * > 0, 

• dist^T^a;, ^\t)V) < £ ' f° r a U * > and 

• hi(8)=t N = h' 1 {af). 

So, if we define (h, h!) = (h 2 ° h^ 1 , h' 2 o h'-^ 1 ) we have that 

• dist($ t ~ 1 a;, $~*y) < e' for all t > 0, 

• dist($ t ~ 1 a;, $r x «) < e ' for all i > 0, 

h \t) 

• ^2(s) = h(t N ) and ft.2( s ') = h'(t N ). 
and by the triangular inequality 

dist ( $ S(V' $ 4 2/)<2£/ 
for all t > 0. Then by condition ( p~5| ) we have that 

Ms) - h' 2 (s)\ = \h(t N ) - ~ti(t N )\ < f/2. 



This inequality joint with equation (16) and the fact that 3\ 2 ( a )2/> ( s ')^ ^ 
B r (x) implies that the points ^ 2 / s -\y and ^ are ^ n * ne same orbit segment 

contained in the flow box £/. So, they have the same projection in section S 
and / is well defined. 

Now we will show that / is continuous. Given y 6 S consider s > and 
g = (hi,h 2 ) e He(x,y) satisfying the definition of f(y). Consider p > such 
that for all y' € B p (y) H S we have that ^^mV' e B r {x). Then the continuity 
of / follows by the continuity of the flow $ and the continuity of the projection 

7T. 

Now one can restrict / to the compact invariant set 

K = n n > f n (S) 

and notice that / is a negative expansive homeomorphisms on K because $ is 
positive expansive in $r(.K"). We conclude that K is finite and / has periodic 
points. So $ has periodic orbits. □ 

Theorem 4.2. //<£> is a positive expansive flow without singular points then X 
is the union of a finite number of periodic orbits. 

Proof. First we show that every orbit is periodic. By contradiction assume that 
there is a point whose orbit is non-compact. By Lemma |4.1| there is a periodic 



orbit contained in uj(x). But it contradicts Lemma 3.6 Again by Lemma 3.6 



there is just a finite number of periodic orbits and the proof ends. □ 
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5 Singular flows 



Now we consider positive expansive flows with singular points. A change in the 
definition is needed because singularities are isolated points of the space if the 



flow is expansive according to Definition 2.1 (even if one consider expansive- 
ness instead of positive expansiveness) . So, for singular flows we consider the 
following definition. 

Definition 5.1. A continuous flow $ in a compact metric space X is positive 
expansive if for all e > there is 8 > such that if dist($/j( t \ar, $tj/) < 5 for 
all t > 0, with x, y £ X and h £ H + , then x and y are in an orbit segment of 
diameter smaller than s. 

This is the positive adaptation of the definition given in [l] for expansive 



flows with singular points. Definitions 2.1 and 5.1 coincide if the flow has not 
singular points. 

Theorem 5.2. //$ is a positive expansive flow with singular points then X is 
the union of finite periodic orbits and singularities. 

Proof. Let e > be an expansive constant. We will show that singularities 
are stable for By contradiction assume there is x n — > p, x n / p, p a 

singular point, and for all n £ N there is t n > such that dist(^ n x n ,p) = s. 
If Vn = x n converges to q, then q ^ p and $tg — > p as t — > oo. So, p and 
q contradict the positive expansiveness of the flow. Therefore there is <5 > 
such that if dist(x,p) < 8 then &^ 1 x £ Bg(p) for all t > 0. We will show 
that Bs(p) = {p}- By contradiction suppose there is dist(x,p) £ (0,8). By 
hypothesis there is t > such that ^ B e (p). So x is not periodic. By the 
stability of singularities there is no singular point in uj(x). Then u)(x) is positive 
expansive, connected and free of singularities. By Theorem |4.2| it is a periodic 
orbit. But this contradicts the stability of periodic orbits, i.e. Lemma [3.5| So, 
singular points are isolated points of X and the proof is reduced to Theorem 

EI " □ 
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